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Abstract
The torus and the Klein bottle amplitude coefficients are computed in permutation
orbifolds of RCFT-s in terms of the same quantities in the original theory and the
twist group. An explicit expression is presented for the number of self conjugate
primaries in the orbifold as a polynomial of the total number of primaries and
the number of self conjugate ones in the parent theory. The formulae in the Z2
orbifold illustrate the general results.
Permutation orbifolds have been investigated in the last couple of years, as they
are not only a special class of Rational Conformal Field Theories, but they are also
closely related to second quantisation of strings ([1]). The one loop amplitude is
a starting point there, its form - that is, its dependence on the characters of the
primary fields of the corresponding Conformal Field Theory - is determined from
general principles. Finding the explicit dependence amounts to writing down the
coefficients of the corresponding linear combination of the characters in the open,
the sesquilinear combination in the closed case, respectively. This is possible in a
permutation orbifold - and the topic of this paper - in terms of the same coefficients
of the ”ascendant” CFT. It is useful for getting information about the structure
of orbifolds and for providing explicit formulae which can be subject for resting
conjectures about the further structure of the amplitude coefficients.
For any RCFT C and any permutation group Ω < Sn a new CFT C ≀ Ω can
be constructed by taking the n-fold tensor product of C and identifying states
according to the orbits of the standard action of Ω. The new theory is called
the permutation orbifold of C ([2], [3]) and every relevant quantity (e.g. conformal
weights, genus one characters of the primaries, the matrix elements of the modular
transformations, the partition function etc.) is completely determined in terms of
the corresponding quantities of C and the twist group Ω. The general case (when
the twist group is nonabelian) was discussed in [4].
In general, the torus amplitude of a CFT is always expressible as a sesquilinear
combination of the characters of its primaries:
Z(τ) =
∑
p,q
Zpqχp(τ)χ¯q(τ) (1)
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where the matrix Zpq is invariant under the modular group and has nonnegative
integer elements (see eg. [5]). On the other hand, based on covering surface con-
siderations in [4], it was also shown that the partition function of the permutation
orbifold C ≀ Ω of the RCFT C (Ω < Sn is the twist group) reads
ZΩ(τ) =
1
|Ω|
∑
xy=yx
∏
ξ∈O(x,y)
Z(τξ). (2)
O(x, y) is the set of orbits (on the set: {1, 2, ..., n}) of the subgroup generated by
the 2 elements x, y of Ω, Z(τ) is the torus partition function of C, and τξ is the
modular parameter of the covering torus corresponding to the orbit ξ. (τξ =
µξτ+κξ
λξ
, where the three parameters corresponding to each orbit are:
λξ is the common length of the x orbits in ξ
µξ is the number of the x orbits in ξ
κξ is the smallest nonnegative integer for which y
µξ = xκξ holds in ξ.) Com-
paring (1) and (2) gives us way to express the matrix elements Zpq in the orbifold
as a function of those of the original CFT. The primaries of the orbifold are char-
acterized by pairs (P,Φ), where P represents an orbit of Ω acting on the n tuples
p1...pn of primaries of C, and Φ is an irreducible character of the double ([8], [7])
D(ΩP ) of the corresponding stabilizer (the subgroup of Ω which leaves P invari-
ant). Using the general formula of [4] for the genus one character of the primary
field (P,Φ)
χ(P,Φ)(τ) =
1
|ΩP |
∑
x,y∈ΩP
Φ¯(x, y)
∏
ξ∈O(x,y)
ω
−
κξ
λξ
P (ξ)χP (ξ)(τξ) (3)
we are lead to the following matrix
Z(P,Φ)(Q,Ψ) =
1
|ΩP ||ΩQ|
∑
z∈Ω
x,y∈Ωp∩ΩzQ
Φ(x, y)Ψ¯(xz, yz)
∏
ξ∈O(x,y)
ZP (ξ)(zQ)(ξ) (4)
where zP denotes the action of the group element z on the n-tuple p1...pn corre-
sponding to P (one can always work with a chosen representative of the orbit P,
then show that the resulting formula does not depend on the choice), P (ξ) is the
component of P associated to the orbit ξ, and
ωp = exp(2pii(∆p −
c
24
))
is the exponentiated conformal weight. The formula comes more or less directly
from comparing the coefficients of the products of the original characters
χP (ξ1)(τξ1)...χP (ξk)(τξk)
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of the same type in the two expressions. On one hand, in eqn (1) the characters
of the orbifold contain these products, on the other hand, writing out the bilinear
expressions for each Z(τξ), eqn (4) can be read off taking into account the required
symmetrization, so that there should be no dependence on the actual representa-
tive of the orbits P and Q. Note that the phases appearing in the expressions
of the characters in the orbifold indeed disappear (they are absent in (2)) as a
consequence of [Z, T ] = 0 in C, that is Zpq is nonzero only if ∆p−∆q is an integer,
so the corresponding phases cancel each other). The validity of the formula can
be investigated via several checks.
1. It gives back (2) when writing down (1) for the orbifold and performing
the summation for the pairs (P,Φ). This is a straightforward consequence
of the method by which it was obtained. It is easily verified by using the
second orthogonality relations for the irreducible characters of the doubles
D(ΩP ),D(ΩQ) and interchanging the sum for P (and Q) with the one for
the pairs (x, y).
2. The requirement of modular invariance. Since we know the explicit expres-
sion for the S and T matrices ([4]), their commutator with the given ZΩ
can be calculated explicitly. Using the modular invariance of Z in C, the
commutators give 0.
3. The important special case when Zpq is a permutation matrix. This is always
the case whenever the primaries correspond to the full chiral algebra ([9]).
In this case the formula becomes simpler:
Z(P,Φ)(Q,Ψ) =


1
|ΩP |
∑
z∈N(ΩP )
δΦ,Ψz
∏
i∈O(ΩP )
ZPi(zQ)i if ∃w ∈ Ω : ΩP = ΩwQ
0 otherwise
(5)
where Ψz is the irreducible character of D(ΩP ) defined by the relation:
Ψz(x, y) = Ψ(xz, yz), xz is an abbreviation for z−1xz, N(ΩP ) is the nor-
malizer of ΩP in Ω (The subgroup {x ∈ Ω : xΩP = ΩPx}) and by O(G)
we mean the set of orbits of the permutation group G. (Note that we chose
w−1Q in the formula for identifying D(ΩP ) with D(ΩQ), which is possible
since (4) does not depend on the representatives of the orbits P and Q).
The simplification originates from the fact that any product of the form
Zpq1Zpq2 is zero whenever q1 6= q2; it a fundamental property of permutation
matrices. The important property of this matrix is straightforward from the
formula: the matrix Z(P,Φ)(Q,Ψ) is again a permutation matrix. The map:
3
Zpq 7→ Z(P,Φ)(Q,Ψ) is a homomorphism, that is (Z
(1)Z(2))Ω = Z(1)ΩZ(2)Ω
holds for the general case when Z is not necessarily a permutation matrix.
It would be desirable to know the trace of the matrix for several reasons.
(Eg. for a permutation it gives the number of its fixed points.) After some
calculation we get
TrZΩ =
1
|Ω|
∑
x,y,z∈Ω(3)
∏
i
(TrZi)ic (6)
where Ω3 is the set of pairwise commuting triples form Ω and ic is the number
of cycles of length i of the element z on the set of orbits O(x, y).
Although we obtained a modular invariant which satisfies several consistency
checks, it is not unique in general, due to the linear dependence of the Virasoro
specialized characters. Indeed, whenever we have a modular invariant Zpq cor-
responding to a theory, Zp¯q = (S
2Z)pq, is also a good one producing the same
torus amplitude, since the Virasoro specialized character is the same for charge
conjugate fields.
What makes (4) special is that it is unital, that is Zpq = δpq implies Z(P,Φ)(Q,Ψ) =
δ(P,Φ)(Q,Ψ). This property is easily seen by substituting Zpq = δpq into (6). Using
the notation s for the number of primaries in C it gives
1
|Ω|
∑
x,y,z∈Ω(3)
s|O(x,y,z)| (7)
which is the number of primaries in C ≀ Ω (see eg. [6]).
One would like to know how Zp¯q looks like in the orbifold. Having the ex-
pression for the S matrix, this is not a difficult task. Introducing the notation
x−z = z−1x−1z, we get for the charge conjugation:
S2(P,Φ)(Q,Ψ) =
1
|ΩP ||ΩQ|
∑
z∈Ω
x,y∈Ωp∩ΩzQ
Φ(x, y)Ψ(x−z , yz)
∏
xi∈O(x,y)
S2P (ξ)(zQ)(ξ) (8)
either from the S matrix or from the dimension of the space of genus 0 holomorphic
blocks for the insertion of (P,Φ) and (Q,Ψ) ([6]). Multiplying it with (4) we find
Z
(P,Φ)(Q,Ψ)
=
1
|ΩP ||ΩQ|
∑
z∈Ω
x,y∈Ωp∩ΩzQ
Φ(x, y)Ψ¯(x−z, y−z)
∏
ξ∈O(x,y)
Z
P (ξ)(zQ)(ξ)
(9)
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Its trace reads
Tr(S2Z)Ω =
1
|Ω|
∑
x,y,z∈Ω
δxy ,xδxz ,x−1δyz ,y−1
∏
i
(Tr(S2Z)i)ic (10)
where the notations are as in (6), and finally, when Zpq is a permutation
Z
(P,Φ)(Q,Ψ)
=


1
|ΩP |
∑
z∈N(ΩP )
δΦ,Ψ−z
∏
i∈O(ΩP )
ZP¯i(zQ)i if ∃w ∈ Ω : ΩP = ΩwQ
0 otherwise
(11)
(Ψ−z(x, y) = Ψ((x−z, y−z) is the defining relation for the irreducible character
Ψ−z.)
In the case of the Klein bottle amplitude, the same procedure as comparing
eqn. (1) and (2) can be done using the result of [10] for the amplitude in the
orbifold:
KΩ(t) =
1
|Ω|
∑
x,y∈Ω
δxy ,x−1
∏
ξ∈O−(x,y)
K(
λ2ξt
|ξ|
)
∏
ξ∈O+(x,y)
Z(
|ξ|
2λ2ξit
+
κξ
λξ
) (12)
according to the geometric picture. O−(x, y) (resp. O+(x, y)) is the set of orbits
of the subgroup generated by x and y with odd (resp. even) number of x orbits.
(O−(x, y) contains those orbits on which the commutative subgroup generated by x
and y2 acts transitively, O+(x, y) contains those, which fall into two orbits: ξ+, ξ−
under the above subgroup). This is to be compared with the general formula for
the amplitude in a CFT ([11]):
K(t) =
∑
p
Γpχp(
1
it
) (13)
The comparison is easier than in the case of the torus, since KΩ(t) is a linear
function of the characters of the orbifold. One only has to take into consideration
the fact that the parameter κξ is zero for the doubly covering torus corresponding
to the orbits in O−(x, y), and each element of O+(x, y) is associated with 2 orbits
in O(x, y2) of equal length. All in all, we get for the coefficients in the orbifold:
Γ(P,Φ) =
1
|ΩP |
∑
x,y2∈ΩP
δxy ,x−1Φ(x, y
2)
∏
ξ∈O−(x,y)
ΓP (ξ)
∏
ξ∈O+(x,y)
ZP (ξ+),P (ξ−) (14)
(Note that the phases from the characters disappear again at O+(x, y), due to the
modular invariance of Zpq, just like in the case of Z
Ω(τ).)
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Equations (9) and (14) are worth of analysing a bit further. If we insert the
charge conjugation modular invariant (that is, we substitute Zpq with δpq in (9))
we get the corresponding quantity in CΩ (it is clear when comparing the resulting
expression with (8)). But the trace of the charge conjugation matrix is nothing
but the number of self-conjugate primaries t (or
∑
p ν
2
p , where νp is the 3-valued
Frobenius-Schur indicator of the primary field p [12]). So we get
tΩ =
1
|Ω|
∑
x,y,z∈Ω
δxy ,xδxz ,x−1δyz ,y−1t
|O−|s|O+| (15)
which is a polynomial function of the corresponding quantity in C, and the total
number of primaries s in C. O− is the set of orbits generated by x, y and z with
odd number of < x, y > orbits in it (< x, y > is the subgroup of Ω generated by x
and y), O− has the same definition changing the word ”odd” to ”even”.
Doing the same insertion in (14) and substituting Γp with νp we face ν(P,Φ) (see
[10]), that is if the torus amplitude coefficients are the Frobenius-Schur indicators
of primaries in a theory, they remain the same quantities in any orbifold of it. This
is the Orbifold Covariance Principle presented in [10]. This can be found in that
article whithout the explicit formula for Γ(P,Φ), giving another strong argument
for the Ansatz of [16] (The case was already considered in [13], [14] and [15]).
Let us see the explicit example of the group Z2 ([3]). There are 5 types of
primary fields in the orbifold: one corresponds to the orbit p1p2 (p1 6= p2), its
stabilizer is trivial, so there is no choice for different irreducible characters but
the trivial. The other four correspond to the orbit pp, its stabilizer is Z2 itself,
the double of which has four irreducible characters. Since one character is nonzero
only if its first argument is in a specific conjugacy class of the group, let 1, 2 denote
those two that are nonzero only if their first argument is the unit element and 3,
4 the other two. So summarizing the notation the primaries read: (p1p2), (pp, 1),
(pp, 2), (pp, 3), (pp, 4) Specifying eqn (4) for this case, we obtain
Z(p1p2)(q1q2) = Zp1q1Zp2q2 + Zp1q2Zp2q1
Z(p1p2)(qq,i) = Zp1qZp2q i = 1, 2
Z(pp,i)(qq,i) =
1
2(Z
2
pq + Zpq) i = 1, 2
Z(pp,i)(qq,i) = Zpq i = 3, 4
Z(pp,1)(qq,2) =
1
2(Z
2
pq − Zpq)
for the independent nonzero components of the symmetric matrix. For the trace
we have
Tr(ZΩ) =
1
2
Tr(Z)2 +
1
2
Tr(Z2) + 3Tr(Z) (16)
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which specializes to
sΩ =
1
2
s2 +
7
2
s (17)
when Zpq = δpq (s is the total number of primaries). There is no need to consider
eqn (9) in the case of Z2, since the inverse operation is the identity. However the
trace specializes to the following polynomial when Zpq is the charge conjugation
tΩ =
1
2
t2 +
1
2
s+ 3t (18)
where t is the number of self conjugate primaries. This means for example that
any Z2 orbifold of an RCFT with no complex primary fields has only self-conjugate
ones too. Should one find a closed formula for
∑
p νp in the orbifold as well, one
would have the number of real, pseudoreal and complex primaries in C ≀ Ω as
polynomials of the same quantities in C, which is a step in classifying RCFT-s.
Finally let us enumerate the results of the present paper. Two modular in-
variants are found for the partition function coefficients of a permutation orbifold
expressed in terms of the original CFT. One keeps the structure Z(τ) =
∑
p |χp|
2,
its trace therefore concides with the number of primaries in the orbifold when
Zpq = δpq, the other keeps the structure of Z(τ) =
∑
p χpχp¯, its trace therefore
is the number of self conjugate primaries in the orbifold, depending on the same
quantity and the total number of fields in the original theory. The Klein bottle
coefficients are also computed and applied to illustrate how the OCP was used in
[10], supporting the Ansatz of [16] for the amplitude.
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